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Let T:R" —-R™ be a linear transformation, and let 4 be the m x n matrix whose jth

column vector is T (g;), which we denote symbolically as

| | |
A=ITE) TE,) - T(,) |- 2

Then T(X)= Ax for each column vector XxeR".

The matrix 4 in Eq. (2) is the standard matrix representation of the Linear

Transformation 7.

RO AR AL IR AR R L AT 2R TR
P &2~ T Cor o



3

e
et
3

B 121

PRIHpRT 0 (2015) £RBFFL B0 0 LjE- 575 3 &

, .

’iﬁ;‘pgﬁzgo<ﬁiQ.‘5‘233.f§3*#f§2 *‘%‘\JG#PIQ>> ?#\‘—g—a‘%—’
P VT
20 MpE T FE o FARE B R BRI RR TS RE A

T

fér- rﬁ_ﬁ;J°

*F%ﬁf%ﬁﬁmﬁﬁkﬂgjwiiﬁﬁMﬂm{g?xm*rwﬁuirz 2
2 fEe w %+ Mejia-Ramos & + (2011) = M 2 fF 7] 0 %17 "}% =B
@@kﬁﬁﬁiﬁﬂﬁkﬁoﬁﬂﬁﬁmg{ﬂ&mﬁo%pfﬁmgj
PELE A PR AR fa{rd RiFLEE ¢ #m’ﬂaﬁﬁaﬁp;ﬁy%
ERFTRMA T A SRR G L0 PR A eI Rk o A

£ Y

ﬁ4ﬁ%’@ﬁ§ircﬁJ5#"F’ e AR

- EHEIRR

Fripr Z A 3B 2@ Mt {EBEP iRk -
Bk s an®e KRG A - AL AFTR T - AL TR Y H A
LIS BIEG RRAT o MART IR A S 2 24 ILfE - o A ILfE LR
WL L e iR R RS T AT 0 B B EHE AT N e

& oo ¥ ko pt LY SR ¥ Mejia-Ramos & 4 (2011) 35 P 12 2 #0342 a0
#

i [EE L TR LNk RN
WiRE A TLIR | REAT o



PR RS

2 FREREE S
Eeiy mﬁﬁ;ﬁ@ﬁ’i’:} HxEBEwEFEN ﬁ*rﬂm w7 R > 2R E AR 4 §

ﬂ*fiﬁ:‘{,iﬁéﬁm%%ﬁ%ﬁ’aéﬁjeﬁﬂﬁﬁﬁﬁ
A FHEEEP iy o

& Bifamt kA g o
Tk MaER e

¥-F AREFEPORERLIE

Mejia-Ramos % 4 (2011) %+ Yang £ Lin (2008) /% i@z 3

7 \::E_pg %Fg Iﬁ’.—'_ﬁiﬁf
Al -H g F DML B S guEp L3 E 50 Lb“qlﬁ‘kug;;mﬁ B
B BB PRS- Be o o AddeT
¥ 1 Ba e %3 L3 (terms) frizit (statements) A & @ L & £.*% &
R E A P M AESE G L ot T iR A

% 2 B % % st (statements ) {o P! 78 4 (proof framework ) il 4B T i

FERHEY AT T Lo RP AE O OBIEN o o F B

R oAkt T B A §F PARE - FAEY R A R P AR R
Peng BREL AT LERN LA R

2@ 222

é: E— plu\zﬁ_ﬂg 75"\?' /EE-‘ ( Weber ’ 2009 ) °

$3 @6+ 0 74 (clims) &P T ¥ - BRP BRI AT G R
Mo BiRE#cE I e dekF BHEP ‘FK:}G ST L H

Pl & L Acif - & o
R g Y R ST S B R € B AT S R R RIL N %o A
LA B e T R e Blde t T d B gE

TTAT 9 eeeees °J'§P§=§i+3j\7ri‘r
FOATR I R EF I T AP E RIS S IR

BEEP TR s RIE o

FABG e SEAATORERE R A Pk o - Bk 5 L

R T T N R LE S 4 T

APAREHE 4 BR 2 R A B AL Leron (1983) B30 & e ¥
A]»{?Emﬁ*’}]'}{‘/\lb “-”’r}’{‘ﬂq’?—?j\#ﬁﬁo

Pk PLA 0 T

7



LR RS S

55 e FELEE “Lﬁé FLEERE TSI RIEEEP R EEP LS
ABERHA DY BRSSP R BER % (Mejia-Ramos & ¢ > 2011) »

% 6Bow o g AL (generalideas) & = ;2 (methods) 7| H
T2 (context): BifE#EM ch- BEL o w L F L BEP T AP Br > &
*ORfERAE U EM o P IEAP A 4’?ﬁ%%H%—§Z
U R 2R T B R AR AR 4 ﬁﬁ’f"\f‘é R BEP KRR A BENERED
< LiR- KR -

SIS R E X o

T BG e BOEM G N 6T kP EP L - BT AR
11 & o Mejia-Ramos % 4 (2011) =2k eh#c® 738 7] » AR E* 5| F kFFin
G RES D LG e ek B ARG - EF R REEEAG R

¥
P e dp R -

iz Bae? o wZ Bo e At KT HFAENREP AT S B
Boe BF RIEE B A MNP I 2 0 2 5] e E > Mejia-Ramos % 4 (2011)
WA BR R KGRI I fEG o B 7 R R R LR

wh ko m B3 EEFL AR PR TR IfE o

N

B RLIE T R o i M

GHAT U KRS AP EEOFE S N HE
A TR e 2 Wi PR U AR fRaw S AvRe § XA
0 F 2 OB AR T R P AR 0 A 2 XS T LE R SRR SR
FAg XEFFEPg P A RaEfE o

T EPEGORAT FFEA2-10



ERE R

£2-1
0 P LR Y

ESEEETE VLSS
a

4 nid 2B N EP RPN G L
Popeirat oAk o o o
£ e, & Ls-1 % 7 e fe 3 ™ 504 g i - B o kit -
LUy A

1-s-2 45 01— 1B 4 % 4citk BT AR 483 o

Py 3R 1-s-3 45 21 6]+ 3P — B 35 Tt o
D ot fe@EP E 2-1 5 NEP EHER - BoF o g o
HBBE T 2245 P A hfEAT -
3l REP PRy RE
TS IEM 3245 I R L - B Tz 4R (claim) o
334 M F Ly fLd A S ekt o
BB A1 NARESRBED - BE L
Bz & 425 B AR - BREESED - BEFER -
5-1 8 fRBA A RHE -
FRLECESHE S2HNEM Y - BR RS R o
5-335 dizEm i B dERl (4 o
o i 6-1 $E#5 2 i% o (it RB FYR* %> 42 247 b ehizsE)

B @EH-ERAR 62BN 2 (RERATER 2 ET L AR b
PEARN 2D PEpd gY)
Ho T2 6-3 M éz> izl o (A5 P % AF TBEP o

R Aa KBEP ¥ - Bit)

T-1 P = R R - e -

B b p
T2 3 - Bacit N HEP R RE] o




LR RS S

o8 FiRFEM ORI FK

’Eﬁﬁﬂ&%ﬂ%ﬁ@ﬂﬁ%%?ﬁ%%‘ﬁﬂ%ﬁ%iiw%’ﬂé
‘Ebm%‘:g\f" *‘?‘%%mlha’lh J}H_ m%pgg“gﬁ ‘ ‘?‘p%djﬁﬁg’/;—ﬁ
W R S LR FARS E (Fiek e kg2 % » 2006 ) °

PRE 4 (2006) EHEE L HSPED BERBEIRL LR AT e Pz
WP R E B HELERREY 4 30 4 PR T

%2-2
RvY 22 L eRFFK

R 4 i

2o A - FP A B S - R R
gy wad LAER -

P EAR  BEEA A AP T R -

FAAEE L T RAR THLYEPNER FER R LRE R
o2 E YA € REE o

WEE - HBY AL L R A B Rt o

§ iR H IS P 17 e -

va% » o

o

?ﬁ 1. & - ’”Jﬂg%\“’ﬂ;’;«xnx IR BEE 4G

W2 EP G SR R AR G4 R
OB F R GAGEP AR FHER ARG R w RE T § R
¥ AR o

4. F R REA R LB A B H 3z w ki
5. FAER 3 ARE R 0 B Aok R A R A LR -

1. &~ P AL X vs f i
2. REBEH 'JF%L TRESA L

A FE AR L v RAGTRLIEP GRS B PR FET €
PlA e WAL 2 R LY g PR

4 FFRED S LOHIARL S R A H G AL v E o

1w R

A1, E—?ﬁpgﬁg%’ﬁi—ku)l—@




ERA éﬁ%ﬁéff

2 EPER B A LB D AT BREF -
P AR ARRE S PR B ERUEELY -
B4 R F AP iE TR ED R

5. RaF - BHFMIALE ho

2ol A piRe B EOEN AR

v

33 2. %g TR T - BT RSP oo
3R NKE S &AM BRI e hk B AT o
4. HBER L ATED 3§
5.7 F 5 IDNEP EAR L B o

#2-3

P A2 ERFFK

B

P ey
B

¥ 1. BRHER SEMESED SRP o

B2 HFRARERE AT ABT B o
3. AR rpdE el BATE R R N ER
4 RFF - HBPEAL R e
5. 35X FIEES F 2 0 jRens 2 o
Bl RRARG F R SR -
T2 A E AR E Y
¥ RAABREZENARE > T UBRHAKTREL -
¥4, g&iﬁ%'rﬁﬁﬁ’#wﬂﬁi—:'r%f%*éf:i%%@*ff%ﬁfuéﬁl%u“i%%iiiéé“iﬁw
ol Ao A LG gE o BEER
B 2. F{ BT ARF o

R S AME A RBE LY R

11



>

ERA ﬁ}f’fﬁéff

44 2-27 g0 3 A% FHT MBS T & LI iRg 4 n
fRE - P RA A FE DR FRYT AN FROE S P R
BRE A LR AT R E R FWAT RS T g 2
PR g wRAE R -,Ff«_ﬂgﬁﬁii\luf_ﬂ“ﬁﬂ?“ FHEEkorinE
7 ERARE BRI 2 BE LY DRI PR h N RNT L ALY
R LY EP HReEnnE d § RREP AL L PLG WA P B
A1 RGE R F N A O Reh R ROF 2 S5 K - BAHALL & L& A
TR B T oMY T hE 4 R e BRI T AR T B 4 % b B
LAHIALL S gl SR e Bl By EL WY 2

F e
ERFARILIB ALY T AR - ARG 2

P APd A2-3F 40 RnF BT ARERE > LA
B2k o 4055 i 2 KR %g,ﬁ_%ﬁj'/ujii;i’zﬁ%fr%lf"%' UL EE SRR
AR T R R R EATF R N E R F L ERE
éﬂiiﬁéﬁm@ﬁ%mm;w’?ﬁ{ié*%A‘ﬁ%*?MZk°

Footo 2 FERAY ARG 4 A6 P RF AR BB
RS - h BRI b FEARS - HFLLR AR DIARH R

WG R NA R Vb ARBRAEBARRL TS F LT 0L F B R
MR EBAC bl BEROEP LR BELDEE - AL F L F R

<B4 NFL R0 R A o

12



ERE R

28 AREFEPOHPMAE

RTINS SR TR T AR SN T EVERE PR S S C EE
mfﬁﬁfﬁpéffﬂhJ}R"w WATER ek B A G RSBEGETE VR % F
KEF g8 - B Bk e e ? b7 (B0 282 (24) RA#E
e g A e 2

W%a(mm)ﬁi@ﬂﬁ%m&ﬁii(%?Jﬁw&*%i(ii)é
’}#— B eI ED > - B AHIEDA &Eﬁiﬂﬁﬁ(Grouphomomorphlsms) B o
ﬁﬁpiﬁﬁmmﬁﬁﬁgk%' Fow 2 T o H RS AR
TORBHEP S LG FEF U Aok R R AF RS S EP
g ARG PRY e BEP AL L E R HE
WA BAMEE BT MR ILE R O~2 A2 AT A Hp e Bk
G AR R 0 A ko T e 02 Ak T2 4 %0 4% > Weber (2001)
BBt L e BT FEPERDLARAS S w T L BRI AP X

[EX= RS ERRT=0/ 01 WA -
& FEeg o (Correct proof) @ A2 § % 4 = § sarg@p o

H ie 31 % 2% soak (Failure to invoke syntactic knowledge ) * #7  $ % &

B AuERY K T h

3% R 7 & (Insufficient syntactic knowledge base ) @ ¢+ » 2 7 ¥ % &
4 XEP NEREY K T h

7 34845 3% (Proof withlogicalerror) : A 7 ¥ % 4 & p & 305 &5 &

2, E' /”4‘/ [
SRR > (e R R A g vk

FEER I RBEHFP AT E P RANRY BF2 e g B PRP
FEL GOV LR UM R R EM R KA frﬂiﬁ?é@?#%ﬁﬂg oo HIp AP 0L
RECHER foAT S TR anE R o R E - B A RPN e P
Ffeg 2 wahind £ AP EFE 5 FIEE ? Weber (2001) 325 Foif 5 o £ F
Ziﬁ’@ﬁ?ﬁﬁﬁi‘ow$éﬁ EH A - BEAR NI A R

IEEREE oo s L javd LenA BB P L P AR Y FREEE AR
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PenfRfg e Rl A LA L = ARG AR S B RRAR B R T
L RRLLR DI VP REL] T RET D PR TR

BN e R IR ARG AR FE o B AT MR R

Annie Selden £? Selden (2003 ) 17X % e g B g g fr'“ 2 ik

I rn<§4,gmhﬁﬂpmuwb&-‘— EESRE S A S P &
PRI e E S R T R x’iﬁ Bie Bs W’ﬁﬁﬁg
BEE LY HEVR BT L kR - PPE T o ho % UL P B2
P Y- PFROTIL FERAVIERS G B FIBE FeRBRI LY
BEPCFIPTUEEEP X LY R BRI R R e B
BRI R BEP LTV RN UL - TR RN B R £ 24

i ;.J&‘{!g/;,—ipq 4 M B FFE%E y 1L E e %;g N gﬁ;ﬁ*ﬁ%‘:ﬁ_pg ﬂ\@ 4 3 o FT
TREFR, ~F4 g L E EFERF AMIED d e Fihc bdel REcE
fra Bt @ 2 AL REP A A BESH -

Weber (2008) #- Annie Selden £2 Selden (2003) #= 3 ¥ ehe BHEP £ %~
FHE T (X B HRAR) HERER iy ol @ N IR F R AR ¢ T
AT Rl St HF o F BT H NG RTZ BRI P
#% 4 Annie Selden ¥ Selden (2003 ) T 7 25 12 o % - [FE - B 7w BHEP T
FIETEM A F R RO R RIS oo B Mg R T - ik
BRI g/ EE e o OB BEP > blde 0 2 ®EE ? 7 (American
Mathematical Monthly ) » & £ 4% & fArelic B M £.F 3 20 $ = > & i
FLHR RN T - Bl Phe AT - BEP AT J RN Y B
FROEEROLHNFHEPEFRY BB P odaI® R N 2 F 0 E V4252 (formal
reasoning ) ~ i > B e P (the construction of rigorous proofs ) ~ 2Lt 3% jF & 42

72 (informal deductive reasoning ) fr1345 | + 42 32 (example based reasoning ) °

T $ 2 ¢t > Annie Selden £ Selden (2003) :B4% 3| #cH 73 i /Tfug’%‘_ﬂ? e
FElr®ILE F iE 2 - & & Weber (2008) 77 7 #cB #1F #P P IR
N BF RenF|¥TT L5 - RO ig+ 4 ¢ Annie Selden 2 Selden( 2003 )fr Weber

(2008) e#7 7 Z B HHEP o ¥ — > 5 » Weber ¥ Mejia-Ramos (2011) 3%
BRAFED T LEY A 850 @ g (zoomingin) fr4E8 (zoomout) © Ht
#i i & AR (line-by-line reading) » i& BB ALY MEA & (72 B i iE X §F ;
S fE G RS (modularreading ) 5 B i * SEEL KV 0 R 7§ BT
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wEOBERE  c ZET R Y 1S By kL IF > % - B 5 Weber (2008) 3

A EE R T 0 % 2 B Weber & Mejia-Ramos (2011) £ 4 = #c % %E =
'*ﬁ%m FHO P HA & LR RS FEA S B L AER R
Flfe= & o L b AT ] AR i K DR 8 4 ol FenE LA ] #

BLA Fareiplt 32 65 #8320 a2 ARG L@ ehe T Inglis

¥ Alcock (2012) H it Redr 12 #® 3 (L F0 & 18 =+ &3 (4 £)
REHEPPFRBERHDLE > L P EF TR ERR -

Inglis £2 Alcock (2012) 7 % 3 = BIFE » % - IFE - F T H % 442 &
& 3% Annie Selden £ Selden (2003) = Weber (2008) i * i e7kw BEP >
2|

e BEP LT e F BRI HT AL EEF L P HET L
PR R Y E D6 P 2EE kd e [5G il B 0~d A A AR 0
$he Fhend RAR 0L LT (W b4 s kg TARY R B o R

ﬂﬁ%—%ﬂﬁmtpiﬁﬁgﬁﬁﬁﬁﬁﬁ%ﬁﬁﬁ%&T%m%ﬁﬁﬂg’

ERlAL ﬁaﬁﬁpzﬁﬁ¢ HL R BB A HRERE T ERHAS
Be SH/IINY 2 B EP > b4e - The Mathematics Gazette  H # — 1
7P 2_Weber (2008) 7 & * |er> ¥ — BEP L3700 LB A~ 3 M anEp o
FrLessdn HErAXed? = BREP HF 857 - R 2B L0
Weber (2008) %2 7 o

£ % > Inglis &2 Alcock (2012) & =7 3 % a5 BN+ ehin g 3
o2 AR EPE Y TP RO AP A g Bt o L7 Annie
Selden £ Selden (2003) e % o 2 i > 1§ E P #EIRE T & T4 L A F 400
WP pEE LR AEEL v > 35T Weber (2008) chigk 7 @ o R & 0 Ay F R
Bopot A L 5 0T BT 5090 NS AR 0 @ R R SR AL S 8 Bl
CELIERE RS S T8 S R SRS A g LE T S
Kipdreo F FE 7 7 ENIEE o

BEIR Y AL G kTR Rt SRR B RFET AP hL N ey L
AR R P AR P BRI R E T R B3 ke
Flut o AT LU R G ST AL B0 A AT A IR R L 0 2 E T T
B s R IR o
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¥R FRIFEA S FHRF k- &5 mF 40 L s i gt
;A—éiw@%’;#fgﬁﬁ’aJéx%ﬁ%ﬁﬁ%’@@?ﬁﬁﬁ%\
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FLHEFY Y HZ BITr L E @il RIRET S 15 24
A E 62 4RI PHEIARIOSES? 26 iz HEA T ABY 1045 &
P R EE VA JEDE AR VR 2 S et Rk Lh G
Ferh104FERY I YRS (- ) dpard -

ﬂ“iﬁ%uM§ﬂ&$1§m@wgﬁ(,)m§m4 g L ARk B
EEPETACEATIATHE G CFTH A4 FERY 1 MR
Ml (- ) FARNED S F B L G PR RA A 3-1 (RIS F
Al E A 3-2)  eHlok n A F A AR FaA R H S B Auie
Boiom o BB T > MEEKF A TS A gﬁmﬁ\%{o blde D BT 4 S4
PAM AR RE I RAP TR RBEERTHED 3 5 TH - (L F wBp%S
£F 94w 3R LA RATIRGEAE 0 (2 03 5 AR P AaEhan)

% 3-1

PiIHEes it
L Fok 7 A 1 Ak 7B MGk

| IR S & #'r 3 'r 3

g (% 348) (% 64%)
S1 A+ O 4.5.7.
S2 B- 2.3, O
S3 A+ 2. 4.
S4 B- O 7.
S5 A+ O
S6 A+ O
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% 3-2
FREBP TRV B)EFT A - FA2ZHEF S
% Bh KEZEY D enih FIR AR ek A2
(Grade) AERE AR
A+ “F PR E S AR Y 90~100 95
A St PRt 85~89 87
A- R PR S RF - B 80~84 82
B+ EAAS PR ¥ R 77~79 78
B e R LA S . 0 73~76 75
B- EE LY AR LR 70~72 70
C+ FA AP 67~69 08
C e LI AT R LA 63~66 65
C- EARMPHE R EARL 60~62 60
D AE A hp 50~59 55
E AEFRMKPIE 2L AAY 1~49 49
X Flea d A 2 0 0

FELHd £3-1 @8t REED X AP R P RE- e
B B AL 58 e

AARMAEEY S L Atihe =847 5 S5 40 S6 ﬁwx@'ryfw%.&? i
fpﬁﬁhgﬁﬁiﬁﬂ-’ﬁﬂ’*vﬁ%—ﬁﬁ =844 AH CHPH (B8 5 3 ~ 24 i
WE AR MoEE ) m SIS AH CHPL(?ﬁP:«“* CPRE TR AR
P )~ S3 5 AH CLPL (B + § 8 ~ {4 Bvi i s A2 5 Haoai i)
@.’if—tﬁg‘f;{p;\):‘ Z B-end =84 ¢ 584 5 AL CHPL (B = % K 4 (oo
CARR AR )~ S2 5 AL CLPH (B8 = M~ fA Marah i~ 425 2
frggi;;s )» 4ol 3-2 #1F o
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SEP I A
(=) 2 ~BH

PSRRI ARE FIF A S 2 ARFERFE L SR G
[ERS (Mﬁ?i 1 2007) & FlHS v A A5 RBF KT ¢ gvi- Tk (Cloer -
1981)> * F4 4= A p 75 EFHAE (R 2006) Flpt > 477 4 KA 7§
B 03§ MM kAT chicfLE ¢ BE 7 Hillel (2000) A% ¢ #3584
A N ERAR R R PRSP R EL A 2 FAF HRRH oOnE
MEEY & b2 ks FRPMEFILEET AL TEPIE 7 2B - o

(=)~ &adr

fip

{Bﬁﬁ@&ﬁzﬁmuwf{7wm4%ﬂ
BB AT TG4 LG A R a R
B3 BH (k> 2004) o B RS R B0 BERE 5 BA TR A B oRRIS
TH LR 2 LRk o B

m§’£:%¢aﬁwm§o$—%aw@%mg¢; BETT > Hie i Cl~

C4>» 7 R4 3-3; H-MAadeEP N EA - BEE > fzs RI~R7 7 L 4

BE P BT R G
L

v HART Rebmdk s g 2 R

1
~)

;g—g:tz_vdx/};ﬁ’g I LA R

B4 3-39 5Cl 22 AhfEAE > C24r C3 L AREL it > hidd BHET -
€1 Cahitsh o v 4R

% 3.4 hgFI o
4 3-59 S RI £4% ¢ iFhp 5

R2 2 &3P % ¢ chiEzk » 11iEa B
EAERRTRERIEREH T AR

+ g .
% 3-6 R
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%3-3
EE RGP TR

]
RPN
T
COROLLARY Standard Matrix Representation of a Linear Transformation . ClI
Let T:R" > R™ be a linear transformation, ..............ccovveiiiieninninnnan... C2
and let 4 be the m x n matrix whose jth column vector is T(€;), which we
denote symbolically as
| | |
A=|T(e) T(e,) - T(e,)]|- (2) e C3
| | |
Then T(X)= AXx for each column vector XeR". .................ooviiiinnnin. C4

%3-4
P MDD F A
¥ i

Cl R4z -

C2

C2,C3 — C4
C3

724 C3 Lk > HE R Cho
C4
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%3-5
BEETEP P G

H
A
gr:

Recall that for any matrix 4, Ae; isjthcolumnofA................cccceeiiieee. R1

This shows at once that if 4 is the matrix described in Eq. (2), .........cccccceeeeee.. R2

then A€ =T(€)), oovvviiii i R3

and so T and the linear transformation T, given by T,(X)=AX

agree on the standard basis {€,, €,,..., € }of R". ... R4
By Theorem 2.7, and the comment following this theorem, ........................ R5
we know that then T(X)=T,(X) forevery XxeR" .........c..cocoiiiiiiininnn R6
—thatis, T(X)=Ax forevery XeR". . ... ..., R7
#3-6
R NG EP F AT
ki » i

Rl RI,R2 — R3
R2 d & c i Rl fre i R2 5 w8 > HWRHRI LA 4D

R3 RI &% -

R4 R3 — R4

ErIR3EH# HIWBHRE A AP RS LAk -

R5 R5 — R6

R6 HEMmime w2/ RSEnHk > HAEFRLHRO

R7 R4,R6 — R7

£ RA{r RO 5w dk > W RT - £ A AP R4 {r R6 &30 3% -
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Riphe A7 ek g P ERAE L § G B D AT T
ﬁoﬁ—%ilwo’ﬁmﬁﬂﬁﬂﬁﬁﬁﬁ’ﬁ{éﬁmﬁﬁ%ﬁ?u%%@
KET o 27 BAERFEP? > F A EBRIBFPTX)I-AX IR @ %’ng K
FEETL) > T E2 gREL AL IRT,(X) -

% = & _Theorem 2.7 » iz > A¢ > FHP L &2 p NG o “73) £
PRy AEP ERY 0 £ T m FEOTIL T Y F 2 BT By
Theorem 2.7 f& » 4% i 7 & Theorem 2.7 ehph % » 7 E‘E,T&Lg PR e B# Cor iz
B> & o B2JX Theorem2.7 2322 CorizBZEP ® » » F 1 €8 &4 » & 7
?E"ﬁl/ﬁ’ﬁ 5816 4 £ 3942 Cor> — ¥ & 4 3 Theorem2.7 4r% ¥ # 12 2 Cor 3
&4 R Theorem 2.7 > # je§ 4 3 o> pli € * DRY K § M -

[k

ERfEnp o Ak 3-70

% 3-7

P AR E

it

%3 %3 linear transformation

i 5L T:R">R"

i3

hpas)

T(X) = AX
Ae; =T(e;)
TA(X) = AX
xeR"
X
|
T(e)
|
kit let 4 be the m x n matrix whose jth column vector is T (€;)

Recall that for any matrix 4, Ae; is jth column of 4
My = B RRE- )
Theorem 2.7 ( & %t4kT )
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AR RS

1y

FR(2007) 3 B BE 2 HF RFELEPB L FlF e 7 ST RF FARK
i blde B AR R B P RIE[E F Y f aATHE YRS A e g
2% 2 B anied i fE G A Foa(prior knowledge ) McKenna £2 Robinson
(2014) 305+ A omf 2% Lo BET R AL - Bl BT PFARY >+ AERF
&g R 3R 7 A o %%'-” Bt R g o m R F R H AR e
Rfgf v Acpidoo R EFEY AR &K RFHE (2011) g N F ¥ HF oA
o PR AR AED B LR PT AR Y H B R
s R B N A H BB K E S PN A el i 2 enl® 32 - Kavale( 1982)

SRR LTS NP T E et RTINS L
BT RER Y o d T L 2 ARFERA 4 0 §EFIF 2 K opkeh
cE B

Flt o AR %Y 0 F Rk v i E;E (National Assessment of Educational
Progress  fi - NAEP ) 1= 34> 33t L i wdhipl % - 2 ¢ 5 7 I «hE_> NAEP
#-BcF i 4 A~ 5124 22 (Conceptual Understandlng) s 42 B 4 23k (Procedural
Knowledge ) f=F® 42 fi# /- (Problem Solving ) = B & =x » @ A7 7 B L B a5 4

BE P ALY A LR omnd o Bt BRlRALR A 5 A R e A o
oA ZRAfREANA O BIHREPN T SR E -

(- ) #inz

AR AR AN S RN EENE Lk RN R ¥ e i3y
TR AR R R P R S B R R B 4R
B FoTR B RIKALD P B A FRFPGOINGE R I ALK
B3 08 e FERNRERE R LT R AR ] LT AR Rk
BT TR S B - H B R R AR RBIBEEL L T EN A2 A
AR WP R AL L RIS F L 103 FER G Y S Bk
ch 4 3Rip] > 3% 12 SPSS 22 i 7 ) #%— % Cronbach eho ey % > & B A
17855 06920 s BPHREFLI04FERZ Y AP Ak pang 42T

I ;8% B o
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(Z) Pl P&

NEREARBY 25 4 .7 E & B3 " Standard Matrix Representation of a Linear

Transformation | f* F# P ek Aap 4 o

~
Ji

ES

) K
AT RFER A AP T g MR AP Rl ko R RRI%R P R
BplER N F A R L e B2 i e B A S FRA AR oA B b

S drd 3-8

%3-8
Lol EP R EH

PN P

S e < Fi B B
e B B

Ny Pap—, RS B P R Ry EE PR nrme £ P
i A M 5y
*glut-‘?g Y ! 4 s
R AR ° R AR ° B X °
AR Y Sk Il TEYE NIRRT R
A2 B M arEs
RE B P o iE 5 AP o E B AL o
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(2 ) PRI

Sl A

AW ABRA ALY 0 S SRIAE T RE £ A T ]

AR R Y B 2 %4 B EP M P g sk b > 3x3gy e
THEGE R T APA ATt A B F M AP BT B K g e a

R VR T L AN S S SR

1 THwmetER v i3 T RP >R ?
(A) T(x, %1 =[x+%, x]
B) Tx, %D =D +X%, X, X —X]
(© T(x, %D =[x, %, %]
D) T %D =[x+%, X, X]

F Y K ’Aza‘ﬁi'JT:]R ]R“K?» FEHErEy PALE
EHF A HEAR O RIg i 2{c3 27PN Sz B £8207 F
B A EET 3 AR o 0 BEE m BOMAEE Y FFEE D o
S BGEP R - B MEFACHE € AP o F] ’P"—‘gi&t"%\*xﬂ_ i %
13 Pl S 2 R FEFapiaT olicide - Ahe EED =245 2 - %
ZEFZ S BT RFEAF LS B R ez R

\

Y
f
4

-

i}

&Y
w_w\

I

et
=2
|
ra
L
|~
H
et
=2
Iy
o

P R - R L A F MG LR R Y v Ak R Al
A F T MR GRARRT L B Y ATif o MUERE2 L)
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Let Abean 3x2 matrix. = 7Rt E 38 F 11 AT A?

1 2 1 4

23 B |3 4| (C) L3 5(m 2 5
()4 5 | P 2 4 6

5 6 3 6

Which of the following are 3x 2 matrix ?
1 2
(A) L2 B) |3 4
4 5 6
5 6
[ERAE fﬂ%ﬁ%’:w@@%*fwm’é‘m K B B-R
*Pi% TRFRAELE AR A LA AW AR F R Al g
Foip B 4§ F i 3x2 A F AR R 0 B F R A e 7 i PR men
ARG AR A (C)~(D)EFE o Tk B E e 7 HaEAge §Ea

SRS T IR T AL ST AT L LR NG PR
PR ml_‘gﬁ%g‘ﬁfiuﬁf R Fp ’(C)‘(D)giﬁiﬁ.ﬁﬁtiﬁ—j °

4

B - RE PR R AF G AR RRF L 57 5 TR
FEL v AriE Kl B ERLARE B ARR] o dp F RS R BRA P L F 2 PR
HRT S TORA TR s P T BRI R g AL E A LT
Ve i S N F]n;g’* e AR A F] > Y f £ i R S
ALHEP AT M B AT doT AR

Let T : R? — R? be a linear transformation such that
T(e)=[2, 1 4andT(e,)=[3, 0, —2].

Find the standard matrix representation 4 of 7 and find a formula for T([x, X,]).
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2. N EAR

Sd B ERE P T  RIRAS A REL BF QAL RN KR
A AR AR D, RIFFRERE N BB o LB wRR%RE Y AP HRD

Cplger %, 8 Tode R | ZFewp & 0k 3-9%77 -

%3-9
L PR E I Eriwmp £
I , )
B F Bl " T
rahe R
PL A M arEs 1 2 3.
F2 B Mok 4.6.7.8(2). 5. 8(1).

MU LEAL L TG b P R AR R B W hE P R B RG v i et
Fo ME LK S b R e Rk o $RRALIE 0 P AR T o ARl
i RS riE R g T ph B A ez o ¥ e ’/Eﬂi—‘k‘&'*’%w HRAEFEEG T

65 - AR ADER 0P L2 0 ’ii‘é‘v?“ﬁﬁ:‘% ) xr#\imﬁﬂi—‘ﬁ‘&i”* °
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S 1 ()

1. LetT:R?* —R® bealinear transformation , which of the following options is

correct ?

(A) T([x, %) =[x+%, x]

B) T([x XD =[x+%, X, X —X,]
(©) T(X X0 X 1) =[x, %]

(D) T([X Xo0 %) =[X 4%, X, X;]

v EHEF

SEET Sdcid - wine B 5|

I
=
£
N
i
a
I
(3
=y
I
Ji
(%
=y
I
b0
Jin

FEP|= o

> R RB
Pl : %P 7 4% linear > £ F & R 2 Frig linear #£4 ©

oun ]
(] o e

P2: A & A8 3,4, 54 - 5 o
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¢ ORE1(B%8)

1. Let T:R* > RR® be a linear transformation, which one of the followings is
correct?
_ _ e a
+ X
(A)T(i&Dz & 2} (B)T(’9]= X,
L %2 L X L %2 |
[ %% ]
X, x REIBESET
<C T 0= X :| D) T X | = X;
| X, -2 %) | X ]

< BEpE

FEEeR MM mYRTEIRFEY A¢ i hmy 2 LTmpm
linear £ & 7283 > linear S8 B RFHEM AL - » LE & oh- o Fl a7 g
# %% 7 Plefukzk o B 5|0 4P LG aomiplsk s d oo

T P2 b
Fle gk Ty A
SACE R X LR E S VN SRS Pab B B UERE
FHEAET K KL T B- TR RS - TR OREFR L H AL
R LR REIE

*
Sy ARPEY O BELL A SRR ST LY R A
i

BAP A7 e B o R AR FRY L ORE T A K
BAICRIE NIREDBZFt > 4 € NP - RPFEE? - BE I - PfFiRo
1@’P{ﬁ&@§%ﬁP2ﬁ¢ﬁ’%%¢ﬁﬁﬂﬁ@§??ﬁ@§%po
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GH U ERA P2 L S e i AeAr A T(X) & X &

[EEN

corollary ¥ &_column vector » 223k & = | 2| > @ 24[1,2,3] » # &R % o P1 P&

w

bHEd LR RB I P F L ARG BRETRBE # X3  T)
FEIZBEFARF A2 S IEP A TS R A - T B
BRAFE Y R > FY o MR Bl 2 F e it o BB RE
ﬁi’i%“ﬁa%@@ﬁ%ﬁ%ﬁ%@%ﬁ%ﬁmﬁﬁpfi@ﬁﬁm,
BEFE ARG FRB I S > £ BN DAL o BRI R

o aiF A AanEp > Y ST 97T 2 103 5 & R B Y S Az i
FARR O RRPYSARIAES? 128 o

Bk wfets o ATy K AR FRNIC 0 B F L SPSS 22 i F A 0 AT
£ P-4 o &g * Cronbach shao ficd %&is > B R A1758% 5 0.692
AgoT »%ﬁémvr’?Hﬁﬂofﬂ’F%*%ﬁﬁ%ﬁ@ﬁﬁ’%m&%
FLAFUAR T - BER P HHR T LFISP PRI &0 i
LHEARE o F o BIEILB D AoT

—l\
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¢ RS ()

Let T:R?> > R*® be a linear transformation such that

2 3
T(e,)=|1| and T(e,)=| O
4 -2

Find the standard matrix representation 4 of 7'and find a formula for T H % D .
X2

Let T:R? > R® be a linear transformation such that

2 3
T(e,)=|1| and T(e,)=| O
4 -2

(1) Find the standard matrix representation 4 of 7.

(2) Find a formula for T @ % D .
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% let 4 be the m x n matrix whose jth column vectoris T (e;), which we denote
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S3  This shows at once that if Ais # & B4k ALRBELEL .83 Fa§
Tt - BA)58 R 1S then Aej ¢ & > Tej
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T(X) = Ax AH_CLPL
AL CLPH
AL CHPL
Ae; =T (e;) AH_CHPH AL _CHPL

129



FER FIR%

AH CHPL
AH CLPL
AL CLPH
AH CHPL
S5 AH CLPL
TA (X) = Ax B
AL CLPH AL CHPL
S6
AH CHPL
AH CHPH
XeR" AH CLPL
AL CHPL
AL CLPH
AH_CHPH
AH CLPL
X AH CHPL
AL CLPH
AL CHPL
AH CHPH
| AH CHPL
T(e,) AL _CHPL
| AH CLPL
AL CLPH
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COROLLARY  Standard Matrix Representation of a Linear Transformation

Let T:R" —>R"™ be a linear transformation, and let 4 be the m % n matrix whose

Jjth column vector is T(€;), which we denote symbolically as

| | |
A=IT) TE) - T |- 2
| | |

Then T(x)= Ax for each column vector xeR".

PROOF

Recall that for any matrix 4, Ae; is jth column of 4.

This shows at once that if 4 is the matrix described in Eq. (2), then Ae; =T (g;),
and so T and the linear transformation T, given by T,(X)=AX agree on the
standard basis {e,, €,,..., €, } of R".

By Theorem 2.7, and the comment following this theorem, we know that then

T(X)=T,(x) forevery xeR"—thatis, T(x)=AXx forevery xeR".

PEmM R A5 g2 T Theorem 2.7 |0 7 R %it4kT o

% 3-77 Tzpoy = g Ap e A EP ALY AP oD "By Theorem 2.7, and
the comment following this theorem, we know that then T(X)=T,(X) for every
x e R"—thatis, T(X)=Ax forevery XeR". | iz BE T o Fl i L TR EL » 97
o TR Z B kA
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1. Let T:R* >R’ be a linear transformation, which one of the followings is

correct?
_ L - Y
(A) T[ % j: )“Xz} (B) T{ 5 J: X
_XZ_ L Xi _X2_
L% =%, ]
%, | "%, ]} X+,
C) T||x,||= X} D) T||X%|[=] %
EN %) | %
2. Which one is a 3x2 matrix?
1 2 3 L4
A B
) [4 - 6} ®) |3 4
o

3. Write down the standard basis €, in R®?

4. Let T:R?>—>R® be a linear transformation, which one of the followings may be
T(e,)?

3 3 3 4 3 4 5
A B) (4 C D) |6 7 8
) [4} ®) ©) {5 6} ©)
5 9 10 11
5. Let 4 be a 3x2 matrix, which one of the followings may be Ae,?
3 3 3 4 3 4 5
A B) (4 C D) |6 7 8
) [4} ®) ©) {5 6} ©)
5 9 10 11
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6. Let T:R?> >R® be a linear transformation, which one of the followings may be a

standard matrix representation of 7' ?

) 3 )
3 3 4
(A) 4} (B) |4 (®) 5 6}
L E L
34 s 3 4 3 4 5
(D) 5 7 8} (E) |5 6 (F) |6 7 8
- 7 8 19 10 11

7. Let T:R? —>R? be a linear transformation.

oo B

8. Let T:R?—>R® be a linear transformation such that

2 3
T(e)=|1| and T(e,)=| O
4 -2

(1) Find the standard matrix representation 4 of 7.

(2) Find a formula for T q XlD .

X
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2. Which of the following are 3x2 matrix ?

1 2
A)F 3}(}3) 3 4
( 4 5 6
5 6
> E®PHE

i BT fR3x 2 4B chE 4p o

<> BRIk
Pl :are:x i is e

P2 -
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2. Which one is a 3x2 matrix?

12
a |23 (B) |3 4
O

5 6

- B

R (HRPEE)

N

B E R LR LR s R 32 L3752 Fen
IR
wEE g

2 _,/ :{E'Ki. , I'T]
(e 7488 o i B I AfEirscit P 5 is T are B FERE 0 2
;F'k %% 7 Pl dufixd-are x5 is ©
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1
0 0 1
0 0 1
W) || ® || © || @ [1] @& 2| @® |2
0 0 3
> EREH
e, i B S BREES 1 HT =8 500
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Write down the standard basis €, in R3?

grep F GERFZE)

S LS E L ER

r
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& AL4 (BH)

4. LetT:R*>—R® be a linear transformation, then T (e,) = ?

3 3 4 5
A) H B) 4| (O {3 4} D) |6 7 8
S 5 6

5 9 10 11
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. Let T:R* > RR® be a linear transformation, which one of the followings
may be T(e,)?

3 3 4 5
A) ﬂ (B) |4 (C) {3 4} D) |6 7 8
B, 5 6

5 9 10 11

Brp 7

JREEY PLAcP2 KB D -
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S RIS (Bw)

5. Let Abean 3x2 matrix, then Ae, = ?

3 3 4 5
A) m (B) | 4| (C) {3 4} D) |6 7 8
B, 5 6

5 9 10 11

- EREPH

B fRe, B ASRFT S - A

el
¥4
&
(i}
dor
o
&
T
It
=
9
el

> R RB iR
Pl : iz o

P2: e b oo
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5. Let 4 be a 3x2 matrix, which one of the followings may be Ae,?

3 3 4 5

3 3 4
(A) M (B) |4 (C) {5 6} (D) |6 7 8
5 9 10 11

< BEp

LA EY PLIe P22 RS T -
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6. LetT:R?* —RR* be a linear transformation such that
T(e)=[2 1 4and T(e,)=[3, 0, —-2].

Find the standard matrix representation 4 of 7 and find a formula for

T([x %,1).

R TR A o B R T S o
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. Let T:R? > R® be a linear transformation such that

2 3
T(e,)=|1| and T(e,)=| O
4 -2

(1) Find the standard matrix representation 4 of 7.

(2) Find a formula for T q % D .

X

Brp 7
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e e mp 4

1. Let T:R* > RR® be a linear transformation, which one of the followings is
correct?

_ . X +X, |
+
@ T[] T ® T||™ X,
X, X _X2_
L% =% ]
X X [x, 1) [x +x%]
©) T||x, :[x} D) T||x,|[=]| x
X3 ? X3 X3
Yo wis pb ) N P 2 rtiEiR
BlEEPN F | A
Sl Rl I
TR B CE
PLA (gt v
A2 B 1 ArEs Lg3
[PAEES
LHp ¢
R T i - w2
Hom A HEP D FED D s ZE D 0 R
Rt
WAEE R B
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2. Which one is 3x2 matrix?
1 2 3 12
A B 3 4
A) [4 . . (B)
5 6
R AT B 2 G 1P Bt
“E'J‘%E\* 29%1'_}_
QLA Rl PP
R B B
PEA ok v LI %
[ ]2z

AR s

LR RS

TR 2 3x 24B M e A o

AR R

Which are the standard basis of €, ?

0

3.
0 0 1
@ @, © ®1 ® 2 6 |2
0 0 3
Yoo wis bl 5P 3 ek
"E'J‘Eﬁ'\* %é‘{'fl;
Rl%e ™7 E P -
o B B
PEE (Aaras Vo log s
N et (s =
L R
B fEe, iR F - BiES 10 H
TiE 500
WAE R AD
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4. Let T:R> > R® be alinear transformation, which one of the followings can be

T(e,)?
3 3 4 5
(A) > (B) |4 (C) 3 4 (D) |6 7 8
4 5 6
5 9 10 11
FEE I p BN R S D RS S
?'JA%E AN éﬁ!\'i
R e I
e B B
£ M arEs .
i e TH Dlﬁé
ﬁiﬁ‘ ‘]\i:{‘r?aj;‘ A\ l:‘f’z o
2RPE
wEfRe, L TH 4™ 2= v B0
WEE gL aw g oo
B2 B

5. Let 4 be the 3x2 matrix, which one of the followings can be Ae,?

3 3 3 3 4 5
A B) |4 Q D) |6 7 8
(A M ®) ©) [5 o
5 9 10 11
HER AT R P G IR sk
Bl F | A
n % E R
e A 4
S e ane N
b [ERiaE Dlﬁ:?&
25 ‘]\i'%r?ﬂj;‘ \% DT‘Z 1%
L S
WBIfRe, B A T 5 - e B
HEE RS0 E
BAE % B
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6. Let T:R? >R® be a linear transformation, which one of the followings is the

standard matrix representation of 7'?

3 —
) 3 4
“ {4} ® © | 6}
5 i
3 4 5 3 4 3 4 5
0 E) |5 6 F) [6 7 8
()& 78} ® (F)
78 9 10 11
G RAUE R B IR etk
"E'J‘%E\"—"‘ %@1:}_
/ ™% f’ 41_;_,@_ ra"g
e R R4
i £, s -
2 5 M aoas v Z »
LHP &
B R T iR e & 7k E 3X2 i
| -0
S 5
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7. Let T:R?—>R? be a linear transformation.

(s A H A

FFER IR P BN LIRS S e
iEIJ‘%E I]\ R %ﬂ:rﬂ_’_
¢ Eit | 5
R B B
PEL Mg
|:|1 1
25 M Aoas v a3
[ ]2z

Ty
FpI U R R

6
HALE %
Fé'ﬁg T |:5j|

8. Let T:R?>—>R® be a linear transformation such that

2 3
T(e,)=|1| and T(e,)=| O
4 -2

(1) Find the standard matrix representation A4 of 7.

yacs wlis pb ) N P Bk
BlEEPN F | A
/ ’ | w
e B 3
LA s
= M e
A v ik 4
B R
LR S e
sl e Aol T ek A T
* Ao
2 3
WAL R A=|1 0
4 -2

188



itk e wp &

8. Let T:R?—>R® be a linear transformation such that

2 3
T(e)=|1| and T(e,)=| O
4 -2
(2) Find a formula for T [{XlD .
X2
SRR P BN R 2D RS ]
P 5&' N R %f‘!\'i
Rl F E p— o g
ke %
P4 g e
%i}:\?r“ri‘%r?ﬁk‘ \% D}Eg
P [ =
fe I TenfR Bl 472 4 RO T &
& o
2%, +3X,
WAL R T@X D= Xy
3 4x, —2X,
HviEzxk

189



T RBL T RY 2 A

ek T PR~ A3 eI

THEOREM 2.7 Bases and Linear Transformations

Let T:R" —R™ be a linear transformation, and let B = {b1, b2, ... , bs} be a

basis for R". For any vector vin R", the vector 7(v) is uniquely determined by

the vectors 7(b1), 7(b2), ... , T(bn).

PROOF
Let v be any vectorin R".
We know that because B is a basis, there exist unique scalars r1, r2, ... , ra such that
v =rib1 + r2b2 ...+ ruba.
Using Eq. (1), we see that
T(v) = T(rib1 + r2ba +...+ rabn) = r1T(b1) + r2T(b2) + ... + raT(bn).
Because the coefficients r; are uniquely determined by v, it follows that 7(v) is

completely determined by the vectors 7(b:) fori=1, 2, ... , n.

Theorem 2.7 shows that if two linear transformations have the same value at each
basis vector b;, then the two transformations have the same value at each vectoer in

R", and thus they are the same transformation.
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THEOREM 6.2 Orthogonal Bases

Let{v,,v, ...,v}bean orthogqna_l_s_ét of nonzero vectors in R”. Then
this set is independent and consequently is a basis for the subspace
SP(Vis Yoi0 « 5 Vp):

PROOF To show that the orthogonal set {v,, v,, . . ., v,} is independent, let us o
suppose that .

GESY St sV
Taking the dot product of both sides of this equation with v, yields v; - v; = 0,
which contradicts the hypothesis that v; # 0. Thus, no v;is a linear combination

of its predecessors, so {v,, v, . . . , v;} is independent and thus is a basis for
sp(v,, ¥y, - . ., ¥p). (See Exercise 37 on page 203.) a

R G ek 0

IR
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THEOREM 5.3 Independence of Eigenvectors

Let A be an n X n matrix. If v,, v, . .., v, are eigenvectors of 4
corresponding to distinct eigenvalues A,, A,, . . ., A,, respectively, the
set {v,, v,, . .., v} is linearly independent and A is diagonalizable.

PROOF  Suppose that ihe conclusion is false, so the eigenvectors v, vy, . . ., v

LI |

are linearly dependent. Then one of them is a linear combination of its
predecessors. (See Exercise 37,page 203.) Let v, be the first such vector, so that

vi=dyv, +dy, + A+ dv,, (2)
and {v,, v, . . ., v,_,} is independent. Multiplying Eq. {2) by A,, we obtain
AV = Ay + ddyy + 0+ d Ay (3

On the other hand, muitiplying both sides of Eg. {2) on the left by the matrix 4
yields

Akv,( = dlkl'l'] + dzﬂz"z w & +'d||l-'lAk-—lv3(‘1! {4) :
because Av; = Ay, Subtracting Eq. (4) from Eq. (3), we see that %
0= di(a = Ay, + df A = A + - - d (A — AV

This last equation is a dependence relation because not all the coefficients are

zero. (Not all «, are zero because of Eq. (2) and because the A, are distinct.) But
this contradicts the linear independence of the set {v,, v, ..., Vi.;}. We__
conclude that {v,, v,, . . ., v,} is independent. That 4 is diagonalizable follows
at once from Corollary | of Theorem 5.2. 4
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