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4. Our New Method 

Ian Parberry's divide-and-conquer algorithm is very clever and very efficient, but 

it only solves square-alike boards and leaves a lot of unknown regions. In this section, 

our main objective is to propose a novel approach to make it possible to completely 

solve the knight's tour problem.  

Finding knight's tours on smaller boards 

All the procedures discussed later need some solutions on smaller boards as 

bases, and later blend these bases to form a complete solution. We have written a 

program to find knight's tours on the boards smaller than 12×12. The method we used 

is fairly simple: take advantage of the backtracking trick and prune the search space 

that is unable to reach a solution. Though it takes a little time on some boards, it is 

more efficient than the brute force method. The order of which child node to be 

expanded first depends on the number of directions the knight can move: the fewer 

the earlier. Indeed, this strategy is known as Warnsdorff's method [1, 19]. The rule of 

counting the number of directions is demonstrated in Fig. 13, where two of the eight 

squares that can be reached from P have been visited, so the number of directions the 

knight can move from position P is 6. 
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Fig. 13. How to count the number of directions the knight can move: two of the eight 
squares that can be reached from position P have been visited, so the number of 
directions the knight can move from P is 6. 
 

If a move causes an unvisited square Y blocked, that is, all the eight squares that 

Y can reach have been visited, it is not necessary to continue expanding the game tree 

from the current node. See Fig. 14 for a depiction. 

 

 
Fig. 14. When to stop expanding a node: the move from A to B causes Y blocked, so it 
is not necessary to keep on spreading from B but returning to A to expand the next 
child node. 
 

Fig. 15 shows a statistics of what kinds of knight's tour exists on smaller boards, 

where 'X' represents that no knight's tour can be found, 'O' represents that there exists 

an open knight's tour, 'C' represents that a close knight's tour can be found, and 'E' 

represents that a corner-missed closed knight's tour exists. 
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        m      
  1 2 3 4 5 6 7 8 9 10 11 12 
 1 X X X X X X X X X X X X 
 2 X X X X X X X X X X X X 
 3 X X X O X X O O E C E C 
 4 X X O X O O O O O O O O 
 5 X X X O E C E C E C E C 
n 6 X X X O C C C C C C C C 
 7 X X O O E C E C E C E C 
 8 X X O O C C C C C C C C 
 9 X X E O E C E C E C E C 
 10 X X C O C C C C C C C C 
 11 X X E O E C E C E C E C 
 12 X X C O C C C C C C C C 

Fig. 15. Statistics of what kinds of knight's tour exists on smaller boards. 
 

Appendix A involves the bases needed while generating a knight's tour on a 

larger board including the structured closed knight's tours, the structured 

corner-missed closed knight's tours, the stretched knight's tours, and the structured 

open knight's tours. 

Closed knight's tour (or corner-missed closed knight's tour) 

At first, we introduce two previous ideas. The mathematician Allen Schwenk [16] 

provides an interesting characterization of those rectangular boards on which there 

exists a closed knight's tour. He finds that an n×m board, where n ≤ m, has a knight's 

circuit (an alias of the closed knight's tour) unless any of the following conditions is 

satisfied: 
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(1) Both n and m are odd 

(2) n = 1, 2 or 4 

(3) n = 3 and m = 4, 6 or 8 

In addition, there is much information on the Internet related to the knight's tour. 

In Ted Filler's web page [8], he quotes Allen Schwenk's amazing discovery and points 

out that if there is a closed knight's tour on an n×m board then there must exist one on 

an n× (m+4) board, also on an (n+4)×m board. 

These two ideas give us some cues. Eventually we find that it is possible to 

combine knight's tours on two boards to generate a closed knight's tour (or a 

corner-missed closed knight's tour). In addition to the bases provided by Ian Parberry, 

we also gather a group of stretched knight's tours to be another set of bases. When 

combining knight's tours these two sets of bases are both required. Fig. 16 illustrates 

how to combine a stretched knight's tour and a structured knight's tour to form a larger 

structured knight's tour. Fig. 16(a) shows the moves at the inside corner (on the left 

side is a structured knight's tour and on the right side is a stretched knight's tour). Now 

replacing the edge A shown in Fig. 16(b) with the edges B and C shown in Fig. 16(c) 

will get a larger structured knight's tour. 
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Fig. 16. The way to combine a structured knight's tour and a stretched knight's tour: (a) 
the moves at the inside corner (b) the edge A to be removed and (c) the edges B and C 
to be added 
 

When dealing with four quadrants of an n×m board, we also propose a novel 

strategy to substitute Ian Parberry's method. At first, we horizontally combine the two 

quadrants on the top and the two quadrants on the bottom separately and then 

combine the two compounds vertically. Note that during the combination process only 

one board is required to have a closed knight's tour (or a corner-missed closed knight's 

tour) and the other three boards simply need stretched knight's tours. As shown in Fig. 

17, only board A is required to have a closed knight's tour on it and each of the others 

only needs to have a stretched knight's tour (the stretched knight's tour on board C is 

flipped and rotated from the original stretched knight's tour). Now get board A and B 

united and do the same thing on board C and D by applying the method depicted in 

Fig. 17 and then link up board A with board C to integrate the four knight's tours 

together into a complete closed knight's tour (or a corner-missed closed knight's tour). 
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Note that except for the most top-left smaller board of the originally larger board 

needs a closed knight's tour (or a corner-missed closed knight's tour) on it, all other 

partitions positioned at other places adopt stretched knight's tours. 

 

 
Fig. 17. Our strategy to combine four quadrants: (a) the moves at the inside corners (b) 
the edges to be discarded and (c) the edges to be added 
 

Due to the absence of closed knight's tours and corner-missed closed knight's 

tours on 3×5, 3×6, 3×7 and 3×8 boards, we need to deal with 3×m boards separately. 

Firstly, as shown in Appendix A, we have closed knight's tours on 3×10 and 3×12 

boards, corner-missed closed knight's tours on 3×9 and 3×11 boards and a stretched 

knight's tour on a 3×4 board. When tackling 3×m boards, it is needed to select a basis 

from 3×9, 3×10, 3×11 or 3×12 boards and concatenate some amount of 3×4 boards 
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with stretched knight's tours. Then use the technique illustrated in Fig. 16 to connect 

knight's tours between each pair of adjacent boards to obtain the solution.  

The skeleton of our algorithm Knight(n, m) coping with an n×m board, n ≤ m, is 

shown below: 

Algorithm Knight(n, m) 
{ 
Case 1: n ≤ 10 and m ≤ 10 
 Use the bases shown in Appendix A. Choose a closed knight's tour (or a 
corner-missed knight's tour) or a stretched knight's tour depending on requirements. If 
a basis can be found in Appendix A, then it is selected as an answer, otherwise there is 
no solution on this board. 
 
Case 2: n = 3 and m > 10, the board can be partitioned as Fig. 18. 

 

 
Fig. 18. The partition of a 3×m board 

 
In this case, a 3×k board with closed knight's tour and (m-k) / 4 pieces of 3×4 

boards with stretched knight's tour are needed, where k = [ (m-9) mod 4 ] + 9. Now 
we combine each pair of adjacent boards by applying the method depicted in Fig. 16.  

Fig. 19 is an illustration of joining the partitions together. 
 

 
Fig. 19. The way to combine the knight's tours to form a complete one for Fig. 18 

 
Case 3: n ≠ 3, n ≤ 10 and m > 10, the board can be divided as Fig. 20. 
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Fig. 20. The moves at the inside corners between the boards n×m1 and n×m2. 
 

 After partitioning, the two boards n×m1 and n×m2 can be combined like Fig. 21, 
where m1 =   24/ ×m + (m mod 2) and m2 = m - m1. 

 

 

Fig. 21. The combination result for Fig. 20 
 

Case 4: n > 10 and m > 10, the board can be partitioned in the way shown in Fig. 22. 
 

 
Fig. 22. The moves at the inside corners among the quadrants n1×m1, n1×m2, n2×m1 
and n2×m2 
 
 In this case n1 =   24/ ×n + (n mod 2), n2 = n - n1, m1 =   24/ ×m + (m mod 2) 
and m2 = m - m1.  
 Fig. 23 shows how to combine the four quadrants. 
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Fig. 23. The way to combine the knight's tours on four quadrants shown in Fig. 22 to 
form a complete knight's tour 
 
} 

In Case 3 of the above algorithm,  we want to divide m as evenly as possible. 

But in case it is unable to meet this requirement, we would make the first partition m1 

odd. In such a circumstance, we choose m1 =   24/ ×m + (m mod 2) and m2 = m - m1. 

This partition rule guarantees that m2 is always even. In Case 4, the rule of 

partitioning is of the same meaning as Case 3. 

Fig. 24 shows three examples of applying our algorithm to generate closed 

knight's tours and corner-missed closed knight's tours. 
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Fig. 24. Closed knight's tours for 3×24 and 6×25 boards and corner-missed knight's 
tour for 11×25 board 
 

Now let us analyze the run time T(n, m) of this algorithm. In Case 1, T(n, m) = 

n·m, because it just makes a copy from the bases. In Case 2, we combine the adjacent 

boards by apply the method depicted in Fig. 16, which needs to remove 1 edge and 

add 2 edges in each combining. Hence 
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In Case 3, we use the mathematical induction to resolve the run time. From Case 
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1, we have T(n, m) = n·m = O(n·m) when n, m ≤ 10. 

Suppose bkncknT −⋅⋅≤),(  for 10 < k < m, where b and c are two constants. 

Then, for Case 3, if b ≥ 3, 
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Now by mathematical induction, the run time T(n, m) for Case 3 is O(n·m) when 

b ≥ 3. In the above expression, T(n, m) = T(n, m1) + T(n, m2) + 3, the number 3 stands 

for the extra three operations when combining two boards into one, i.e., remove one 

edge and add another two edges. 

In Case 4, we can also use the mathematical induction. Also from Case 1 we 

have T(n, m) = n·m = O(n·m) when n, m ≤ 10. 

Suppose bjicjiT −⋅⋅≤),(  for 10 < i < n and 10 < j < m, where c and b are 

two constants. Then, if b ≥ 3, 
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By mathematical induction, the run time T(n, m) for Case 4 is O(n·m) when b ≥ 3. 

In the above expression, T(n, m) = T(n1, m1) + T(n1, m2) + T(n2, m1) + T(n2, m2) + 9, 

the number 9 represents the extra operations when combining four quadrants. 

To summarize all the four cases, the run time T(n, m) of our algorithm is O(n·m). 
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Therefore it takes linear time O(n·m) to generate a closed knight's tour on an n×m 

board. 

The following Theorem 1 is due to Allen Schwenk[16]. Here we prove it from an 

algorithmic point of view. 

Theorem 1. There exists a closed knight's tour on an n×m board, n ≤ m, if and only if 

(1) not both n and m are odd, and (2) n ≥ 5 or (n = 3 and m ≥ 10). 

PROOF: (“=>”) The colors of the visited squares must be black and white interlaced 

when the knight moves on the chessboard. If the knight is supposed to visit every 

square exactly once on the board and to go back to the starting point, says there exists 

a closed knight's tour, the number of black squares must be equal to that of white ones. 

Hence the number of squares in total must be even and at least one dimension of the 

board is even. It is clear that no such knight's tour exists on 1×m or 2×m boards 

because it is impossible for the knight to visit all the squares on such boards. Also we 

have written a brute force program to find closed knight's tours on smaller boards and 

find that they do not exist on 3×4, 3×6 and 3×8 boards. For 4×m boards, it is 

difficult to prove the impossibility by programs, but there is a subtle proof discovered 

by Louis Pósa quoted in Schwenk [16]. Assume we have found a closed knight's tour 

which visits the following squares in order: v1,v2,...,v4m,v1. Let us recolor the vertices 

red and blue, with every vertex in rows 0 and 3 red and every vertex in rows 1 and 2 



 13

blue. This coloring no longer serves as the bipartition for the graph since some blue 

vertices are adjacent to other blue vertices, for example, (1, 0) and (2, 2). However, 

every red vertex is adjacent to other blue vertices. Thus, in a presumed closed knight's 

tour, the red vertices must always be separated by blue vertices. Since we have 2m 

vertices of each color, the red and blue vertices must alternate around the closed 

knight's tour. Now starting at v1 = (0, 0), we can conclude that all the vertices in odd 

positions on the closed knight's tour, v2k+1, are red. But from the original black and 

white coloring, we can conclude equally well that all the vertices, v2k+1, are also white. 

Thus all red vertices are white vertices, but this contradicts the different pattern 

chosen for the two coloring. We conclude that no closed knight's tour exists on any 

4×m boards. 

(“<=”) When n = 3, as Appendix A shows, we have closed knight's tours on 

3×10 and 3×12 boards and a stretched knight's tour is also available on 3×4 board so 

that our algorithm Knight(n, m) can construct closed knight's tours on boards of 

dimension 3×14, 3×16, 3×18, 3×20, ..., and so on. 

Now let us consider the condition of n ≥ 5. The claim is easily seen to be true for 

5 ≤ n ≤ m ≤ 10 and at least one of n and m is even by inspecting Fig. 15 (or Appendix 

A), where the knight's tours were obtained using the simple algorithm described in 

previous subsection “Finding knight's tours on smaller boards”. Assume that 5 ≤ n ≤ 
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10 and m ≥ 11 and at least one of n and m is even. In algorithm Knight(n, m), the 

length m will be divided recursively according to the partition rule and eventually it 

will be decomposed into lengths m1, m2, m3, ..., mk. Note that only 5 ≤ m1 ≤ 10 is 

possible to be odd and the rest are all even with possible values 6, 8 or 10. The 

combining strategy shown in algorithm Knight(n, m) guarantees that the most top-left 

smaller board of the originally larger board needs a closed knight's tour (or a 

corner-missed closed knight's tour) on it, all other partitions positioned at other places 

need stretched knight's tours. Since a closed knight's tour exists on n×m1 board, 5 ≤ 

m1 ≤ 10 and at least one of n and m1 is even, and stretched knight's tours exists on 

n×6, n×8 and n×10 boards, 5 ≤ n ≤ 10, the closed knight's tour on n×m board can be 

constructed by applying our algorithm Knight(n, m). 

Now, suppose that 11 ≤ n ≤ m and at least one of n and m is even. We divide n 

and m recursively and finally get n1, n2, n3, ..., ni and m1, m2, m3, ..., mj. By the 

partition rule, only one of n1 and m1 may be odd, 5 ≤ n1 ≤ 10 and 5 ≤ m1 ≤ 10, and the 

rest are all even and their possible values are 6, 8 or 10. Since closed knight's tours 

exist on 5×6, 5×8, 5×10, 6×6, 6×7, 6×8, 6×9, 6×10, 7×8, 7×10, 8×8, 8×9, 8×10, 

9×10 and 10×10 boards and stretched knight's tour exists on 5×6, 5×8, 5×10, 6×6, 

6×8, 6×10, 7×6, 7×8, 7×10, 8×6, 8×8, 8×10, 9×6, 9×8, 9×10, 10×6, 10×8 and 

10×10 boards, a closed knight's tour on n×m board can be constructed by applying 
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the algorithm Knight(n, m). 

At this time, we have proved that there exists a closed knight's tour on an n×m 

board if not both n and m are odd and n ≥ 5 or (n = 3 and m ≥ 10).    □ 

Theorem 2. There exists a corner-missed closed knight's tour on an n×m board, n ≤ 

m, if and only if (1) both n and m are odd, and (2) n ≥ 5 or (n=3 and m ≥ 9). 

PROOF: (“=>”) From the definition of corner-missed closed knight's tour, it is clear 

that both n and m must be odd because we have to forsake one square to make the 

number of black squares and that of white ones equal. It is obvious that such tours do 

not exist on 1×m or 2×m boards because it is impossible for the knight to visit all the 

squares. In addition, we have written a brute force program to find corner-missed 

closed knight's tours on smaller boards and find that corner-missed closed knight's 

tours do not exist on 3×3, 3×5, and 3×7 boards. There is no corner-missed closed 

knight's tour on any 4×m board since 4 is not an odd number and the numbers of 

black squares and white squares are the same. 

(“<=”) When n = 3, as shown in Appendix A, we have corner-missed closed 

knight's tours on 3×9 and 3×11 boards and a stretched knight's tour on 3×4 board so 

that our algorithm Knight(n, m) can generate corner-missed closed knight's tours on 

boards of dimension 3×13, 3×15, 3×17, 3×19, ..., and so on. 

Now let us consider the condition of n ≥ 5. The claim is easily seen to be true for 
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5 ≤ n ≤ m ≤ 9 and both n and m are odd by inspecting Fig. 15 (or Appendix A), where 

the knight's tours were obtained using the simple algorithm described in previous 

subsection "Finding knight's tours on smaller boards". Now suppose that 5 ≤ n ≤ 9 and 

m ≥ 11 are odd. In Algorithm Knight(n, m), the length m will be divided recursively 

according to the partition rule and eventually it will be decomposed into lengths m1, 

m2, m3, ..., mk. Note that only 5 ≤ m1 ≤ 9 is odd and the rest are all even and the 

possible values for them are 6, 8, or 10. The combining strategy shown in algorithm 

Knight(n, m) guarantees that the most top-left smaller board of the originally larger 

board needs a closed knight's tour (or a corner-missed closed knight's tour) on it, all 

other partitions positioned at other places need stretched knight's tours. Since a 

corner-missed closed knight's tour exists on n×m1 board, 5 ≤ m1 ≤ 9 is odd, and 

stretched knight's tours exists on n×6, n×8 and n×10 boards, 5 ≤ n ≤ 9 is odd, a 

corner-missed closed knight's tour on n×m board can be generated by applying our 

algorithm Knight(n, m). 

Now, suppose that 11 ≤ n ≤ m and both n and m are odd. We divide n and m 

recursively and finally we have n1, n2, n3, ..., ni and m1, m2, m3, ..., mj. By the partition 

rule, only n1 and m1 are odd, 5 ≤ n1 ≤ 9 and 5 ≤ m1 ≤ 9, and the rest are all even and 

their possible values are 6, 8, or 10. Since a corner-missed closed knight's tour exists 

on 5×5, 5×7, 5×9, 7×7, 7×9 and 9×9 boards and stretched knight's tour exists on 
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5×6, 5×8, 5×10, 6×6, 6×8, 6×10, 7×6, 7×8, 7×10, 8×6, 8×8, 8×10, 9×6, 9×8, 

9×10, 10×6, 10×8 and 10×10 boards, the corner-missed closed knight's tour on n×m 

board can be generated by applying the algorithm Knight(n, m). 

At this moment, we have proved that there exists a corner-missed closed knight's 

tour on an n×m board if both n and m are odd and n ≥ 5 or (n = 3 and m ≥ 9).   □ 

Open knight's tour 

The way to construct an open knight's tour is quite easy. If there exists a closed 

knight's tour on an n×m board, we can just remove an arbitrary edge from the tour 

and then we get an open knight's tour (Please refer to Fig. 25). If we have a 

corner-missed closed knight's tour on the board, an open knight's tour can also be 

produced by using the method shown in Fig. 26. 

 

(a) (b) 
Fig. 25. The way to generate an open knight's tour from a closed knight's tour: (a) a 
closed knight's tour on a 5×6 board and (b) the open knight's tour that comes after the 
removal of the edge from (0, 0) to (2, 1) 
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(a) (b) 
Fig. 26. The way to construct an open knight's tour from a corner-missed closed 
knight's tour: (a) a corner-missed closed knight's tour on a 5×5 board and (b) the 
corresponding open knight's tour after removing a surplus edge (from (2, 1) to (4, 0)) 
and adding an edge (from (0, 0) to (2, 1)) to reach the top-left corner 
 

However, the strategies shown above may lose solutions to some boards such as 

3×7, 3×8 and so on. There is another simple way to solve this problem. We can apply 

the algorithm Knight(n, m) described in the previous subsection by providing another 

set of open knight's tours as bases to substitute that of closed knight's tours or 

corner-missed closed knight's tour. A slight modification is needed for Case 1 of 

Algorithm Knight(n, m): choose an open knight's tour instead of a closed knight's tour 

(or a corner-missed closed knight's tour). Now only the most top-left smaller board of 

the originally larger board needs an open knight's tour on it, all the other partitions 

adopt stretched knight's tours. Unfortunately, we cannot find any stretched knight's 

tours that can be used to extend 4×k boards horizontally, k < m, so it is still not 

sufficient to generate open tours on all n×m boards if they exist so far. We have to 

add a special case to handle 4×m boards. Since we have no stretched knight's tour to 

extend 4×k boards horizontally, we introduce the idea of double-loop knight's tours to 

substitute stretched knight’s tours when dealing with 4×m boards. Fig. 27 illustrates 
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how to combine two double-loop knight's tours to form a larger double loop knight's 

tour. Fig. 27(a) shows the moves at the inside corner. Now replacing the edges A, B, C 

and D shown in Fig. 27(b) with the edges E, F, G and H shown in Fig. 27(c) will get a 

larger double-loop knight's tour. 

 

 
Fig. 27. The way to combine two double-loop knight's tours: (a) the moves at the 
inside corner (b) the edges A, B, C and D to be removed and (c) the edges E, F, G and 
H to be added 
 

We also provide a set of bases of open knight's tours for 4×3, 4×5, 4×6, 4×7, 

4×8, 4×9 and 4×10 boards. Actually they are all stretched knight's tours with the 

starting point (0, k-1) and ending point (0, k-2), where k=3, 5, 6, 7, 8, 9 or 10. Now let 

us demonstrate how to construct an open knight's tour with this set of bases and 

double-loop knight's tours. Fig. 28 shows how to combine a basis of 4×k board with a 

double-loop knight's tour.  
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Fig. 28. The way to combine a stretched knight’s tour and a double-loop knight’s tour: 
(a) the moves at the inside corner (b) the edges A and B to be removed and (c) the 
edges C and D to be added 
 

Fig. 28(a) shows the moves at the inside corner (on the left side is a stretched 

knight's tour and on the right side is a double-loop knight's tour). Now replacing the 

edges A and B show in Fig. 28(b) with the edges C and D shown in Fig. 28(c) will get 

an open knight's tour. 

Algorithm OpenKnight(n, m) 
{ 
Case 1: n ≤ 10 and m ≤ 10 
 Use the bases shown in Appendix A. Choose an open knight's tour or a stretched 
knight's tour depending on requirements. If a basis can be found in Appendix A, then 
it is selected as an answer, otherwise there is no solution on this board. 
 
Case 2: n = 3 and m > 10: the board can be partitioned as Fig. 29. 

 

 
Fig. 29. The partition of a 3×m board 

 
In this case, a 3×k board with open knight tour and (m-k) / 4 pieces of 3×4 

boards with stretched knight's tour are needed, where k = [ (m-7) mod 4 ] + 7. Now 
we combine each pair of adjacent boards by applying the method depicted in Fig. 16.  
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Fig. 30 is an illustration of joining the partitions together. 
 

 
Fig. 30. The way to combine the knight's tours to form a complete one for Fig. 29 
 
Case 3: n = 4 and m > 10: the board can be partitioned as Fig. 31. 

 

 
Fig. 31. The partition of a 4×m board 

 
In this case, a 4×k board with stretched knight tour and (m-k) / 5 pieces of 4×5 

boards with a double-loop knight's tour are needed, where k = [ (m-6) mod 5 ] + 6. 
Now we combine each pair of adjacent boards by applying the method depicted in Fig. 
27 and Fig. 28.  

Fig. 18 is an illustration of joining the partitions together. 
 

 
Fig. 32. The way to combine the knight's tours to form a complete one for Fig. 31 

 
Case 4: n≠3 and n≠4, n ≤ 10 and m > 10, similar to Case 3 of Knight(n, m). 
 
Case 5: n > 10 and m > 10, similar to Case 4 of Knight(n, m). 
} 

Fig. 33 shows four examples of applying our algorithm to generate open knight's 

tours. 



 22

 

 

 

 

 
Fig. 33. Open knight's tours for 3×23, 4×25, 6×25 and 11×25 boards. 

 

Theorem 3. There exists an open knight's tour on an n×m board, n ≤ m, if and only if 

(1) n = 3 and (m = 4 or m ≥ 7) or (2) n ≥ 4 and m ≥ 5.  

PROOF: Open knight's tour does not exist on 1×m and 2×m boards because it is 

impossible for the knight to visit all the squares on such boards. Again we use a brute 

force program to find open knight's tours on smaller boards and find that there is no 

open knight's tour on 3×3, 3×5, 3×6, and 4×4 boards. The results are also shown in 

Fig. 15 in the previous subsection "Finding knight's tours on smaller boards". The 
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mark 'X' represents that there does not exist an open knight's tour on the board. 

When n = 3, as Appendix A shows, we have open knight's tours on 3×7, 3×8, 

3×9 and 3×10 boards and a stretched knight's tour is also available on 3×4 board so 

that our algorithm can construct open knight's tour on boards of dimension 3×11, 

3×12, 3×13, 3×14, ..., and so on. Note that a stretched knight's tour is also an open 

knight's tour.  

When n = 4, as Appendix A shows, we have open knight's tours on 4×3, 4×5, 

4×6, 4×7, 4×8, 4×9 and 4×10 boards and a double-loop knight's tour on 4×5 board 

so that open knight's tours can be constructed on boards of dimension 4×11, 4×12, 

4×13, 4×14, ..., and so on.  

Now let us consider the condition when n ≥ 5. The claim is easily seen to be true 

for 5 ≤ n ≤ m ≤ 10 by inspecting Fig. 15 (or Appendix A), where the knight's tours 

were obtained using the simple algorithm described in previous subsection “Finding 

knight's tours on smaller boards”. Assume that 5 ≤ n ≤ 10 and m ≥ 11. In algorithm 

OpenKnight(n, m), the length m will be divided recursively according to the partition 

rule and eventually it will be decomposed into lengths m1, m2, m3, ..., mk. Note that 

only 5 ≤ m1 ≤ 10 is possible to be odd and the rest are all even with possible values 6, 

8 or 10. The combining strategy shown in algorithm OpenKnight(n, m) guarantees 

that the most top-left smaller board of the originally larger board needs a open 
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knight's tour on it, all other partitions positioned at other places need stretched 

knight's tours. Since open knight's tours exist on n×m1 board, 5 ≤ m1 ≤ 10, and 

stretched knight's tours exists on n×6, n×8 and n×10 boards, 5 ≤ n ≤ 10, the open 

knight's tour on n × m board can be constructed by applying our algorithm 

OpenKnight(n, m). 

Now, suppose that 11 ≤ n ≤ m. We divide n and m recursively and finally get n1, 

n2, n3, ..., ni and m1, m2, m3, ..., mj. By the partition rule, only n1 or m1 may be odd, 5 

≤ n1 ≤ 10 and 5 ≤ m1 ≤ 10, and the rest are all even and their possible values are 6, 8 

or 10. Since open knight's tours exist on 5×5, 5×6, 5×7, 5×8, 5×9, 5×10, 6×6, 6×7, 

6×8, 6×9, 6×10, 7×7, 7×8, 7×9, 7×10, 8×8, 8×9, 8×10, 9×9, 9×10 and 10×10 

boards and stretched knight's tour exists on 5×6, 5×8, 5×10, 6×6, 6×8, 6×10, 7×6, 

7×8, 7×10, 8×6, 8×8, 8×10, 9×6, 9×8, 9×10, 10×6, 10×8 and 10×10 boards, an 

open knight's tour on n×m board can be constructed by applying the algorithm 

OpenKnight(n, m). 

At this time, we have proved that there exists an open knight's tour on an n×m 

board, n ≤ m, if (n = 3 and (m = 4 or m ≥ 7)) or (n ≥ 4 and m ≥ 5).    □ 

Our algorithm can also generate open knight's tours on such boards in linear time 

if they exist. 


