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1. Introduction 

There are several versions of the knight's problem, and all of them use the moves 

of the knight to achieve some particular tasks. The most basic one is how to shift the 

knight from a starting point to an ending point with the least moves on a given 

chessboard. Another revised version is to find the shortest path on which the knight 

can visit all the given squares on the chessboard from a specified origin. Such kinds of 

the knight's problems are also appeared in many programming contests.  

A knight's tour is a series of moves made by a knight visiting every square of a 

chessboard exactly once. The knight's tour problem is the problem of constructing 

such a tour on a given chessboard. A knight's tour is called closed if the last square 

visited is also reachable from the first square by a knight's move, and open otherwise. 

In 1859, the Irish mathematician Sir William Rowan Hamilton (1805-1865) 

developed a game sold to a Dublin toy manufacturer [9, 20]. The game consists of a 

wooden regular dodecahedron with the 20 corner points (vertices) labeled with the 

names of prominent cities. The game was named "Around the World" and the 

objective of it was to find a cycle along the edges of the solid so that each city was on 

the cycle (exactly once). See Fig. 1 for a depiction. It is a really troublesome problem. 

The knight's tour problem and Hamilton's "Around the World" game are a little alike. 
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(a) (b) 
Fig. 1. Hamilton's game "Around the World": (a) the original dodecahedron toy (b) 
the planar graph for it. 
 

It is believed that the formal study of the knight's tour problem is begun on a 

standard 8×8 chessboard by Euler in 1759. After Euler, there are many researchers 

devoting themselves to this problem by using many different methods. At the 

beginning, the studies were carried out on smaller chessboards so that many skills 

frequently used in the AI (artificial intelligence) research community like depth-first 

search, breadth-first search and heuristic methods are adopted by most people. The 

advantages of these methods are intuition and ease of implementation. Unfortunately, 

with the expansion of the chessboard, the computation time will rise rapidly with an 

unacceptable growing rate. Dudeney [6, 7] points out what kinds of rectangular 

chessboards have knight's tours; in particular, an n×n chessboard has a closed knight's 

tour if and only if n ≥ 6 is even, and an open knight's tour if and only if n ≥ 5. Takefuji 

and Lee [17, 18] introduce a neural network solution to the knight's tour problem, but 

it is not useful in practice because of the low performance when implemented on 

conventional computers (Please refer to Ian Parberry [12]). Takefuji and Lee [18] also 
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state that they are unsure whether the problem of finding a knight's tour is 

NP-complete. Ball and Coxeter [2] revise the knight's tour problem to divide the 

board horizontally into two rectangular compartments. The tour has to visit all the 

squares in one compartment before proceeding to the second one, and this is called 

the bisected knight's tour problem. They successfully find a solution to the 8×8 case 

due to Euler. Dudeney [6, 7] inherits the idea and further refines it to divide the board 

into four rectangular compartments. The revision is called the quadrisected knight's 

tour problem. Domoryad [5] describes a quadrisected open knight's tour on an 8×8 

board and also a closed knight's tour on a 7×7 board with its center square missed (all 

squares are visited except the center one). Hurd and Trautman [10] also note that an 

open knight's tour with one of its corners missed exists on a 4×4 board. Cannon and 

Dolan [3] settle the question of knight's tours on even rectangular boards, which have 

even number of squares, i.e. n×m is even. The basic result in their paper is that all 

even boards with n, m ≥ 6 are tourable (namely, that there is an open knight's tour 

between any pair of opposite colored squares). Ralston [14] considers the questions of 

open knight's tours on odd boards to discuss in what circumstance an odd board can 

be said to be odd-tourable (That is, there is an open knight's tour between any pair of 

squares colored the same as the corner squares). In 1994, Conrad, Hindrichs, Morsy 

and Wegener [4] propose a linear time sequential algorithm to construct open knight's 
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tours between any pair of squares on n×n boards for n ≥ 5. It can also be parallelized 

to run in O(1) time on O(n2) processors. In 1996, Rees [15] discusses and solves the 

knight's tour problem on the 3×n boards.  

In [13], Ian Parberry presents a divide-and-conquer algorithm that can generate 

closed knight's tours on n×n or n× (n+2) boards in linear time (i.e. O(n2)) for all even 

n ≥ 10, and closed knight's tours missing one corner in linear time if n ≥ 5 is odd. This 

algorithm can also construct closed knight's tours on n× (n+1) boards when n ≥ 6. At 

first, he finds closed knight's tour on some smaller boards as bases. When facing a 

larger board, he divides it into four smaller pieces, generates a closed knight's tour for 

each compartment, and finally removes 4 edges and adds 4 edges at the inside corners 

to combine these four smaller closed knight's tour to form a complete closed knight's 

tour for the larger board. His algorithm can also be adapted to give a parallel one to 

run in O(1) time on a CREW PRAM with O(n2) processors.  

Note that Ian Parberry's algorithm is only able to find closed knight's on n×n, 

n× (n+1) or n× (n+2) boards when n ≥ 10. His method fails to deal with the boards 

with other arbitrary sizes. In this paper, we will solve the knight's tour problem 

completely. We will propose a new method to fill out all the unknown regions that 

previous researchers left. On an arbitrary n×m board, if there is knight's tour on it, our 

method can always find one in linear time. This algorithm is also cost optimal. 


